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Comparison of Three Radiative Formulations
for Interactions in Three-Dimensional Boundary Layers

G. N. Kumar*
Tuskegee Institute, Tuskegee, Alabama

and
R. I. Vachont

Vachon, Nix, & Associates, Atlanta, Georgia

This paper presents a comparison of analyses using three radiative interaction formulations to evaluate the
effects of an external source of thermal radiation on the three-dimensional hypersonic turbulent boundary layer
on a sharp cone at an angle of attack. The three radiative formulations considered are: 1) optically thin limit
approximation, 2) optically thick limit approximation for the optical thickness of the medium, and 3) "band"
approximation for the wavelength-dependent properties of the medium. For each of these formulations, in-
teractions between radiation from an external source and the hypersonic boundary layer on a cone at an angle of
attack are determined by solving numerically the three-dimensional compressible turbulent boundary-layer
equations together with the energy equation modified to include thermal radiation. Turbulence is accounted for
by making use of Prandtl's mixing length hypothesis with van Driest's modification for the wall region. Local
nonsimilarity in the axial direction has been used to facilitate the numerical solution. Velocity and temperature
fields, heat-transfer rates, and axial and normal aerodynamic coefficients have been compared for the three
formulations at different Reynolds and Mach numbers. Even though the band approximation model is in
general the most accurate of the three formulations considered, the results indicate that because of the extensive
CPU time needed for this model it is not recommended for application to the problem under study.

B

Nomenclature
= surface area of the cone
= wavelength dependent Planck function,

= axial aerodynamic coefficient,
= FAT/(l/2PwulAc)

= normal aerodynamic coefficient,

Cp = specific heat at constant pressure
En = «th-order exponential integral;

En(t) =

eb = blackbody emissive power
FAT,FNT = total force on the cone in the axial and normal

directions, respectively
Fbb = function given by Eq. (17)
Fbbw = fraction of radiative heat flux emitted by the

cone surface which is in the wavelength interval
OtoX c

Fbbv, = fraction of the radiative heat flux from the
external source incident at the edge of the
boundary layer which is in the wavelength
interval 0 to Xc

h _ = Planck's constant.
h',h = fluctuating and mean static enthalpy,

respectively
7X = intensity of radiation at wavelength X
k' - Boltzmann constant
kykt - laminar and eddy thermal conductivity,

respectively
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( = mixing length for three-dimensional flow
L = axial length of the body
MOO = freestream Mach number
Nu = Nusselt number
P = nondimensional pressure, =p/p00u2

00
POO = freestream static pressure
p = local static pressure
Qconv = convective heat transfer to wall
Qtotai =total (convective plus radiative) heat transfer to

wall
q = heat flux
qr = radiant heat flux
qs — radiation source intensity
qr

w = radiative heat flux emitted by the surface of
the cone which is assumed black

#00 = radiative heat flux from the external source
incident at the edge of the boundary layer

q* = dimensionless heat-transfer rate nondimension-
alized by q* = q/p^u3^

R - gas constant
r = radial coordinate defined in Fig. 1
r* - nondimensional radial coordinate defined by

r*=r/L
Re^ = freestream Reynolds number
S/oo = local Stanton number based on freestream

conditions, (qw)/[p^u^C^To-T^]

T - nondimensional temperature, = —5——ul/R
t = mean static temperature
u',v',w' = fluctuating streamwise, normal, and cross-

flow velocity components, respectively
u, v, w - mean, normal, and cross-flow streamwise

velocity components, respectively
Woo = freestream velocity
X, Y = nondimensional axial and normal coordinates,

X=x/L, Y=y/L
x,y = axial and normal coordinates, respectively,

defined in Fig. 1
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a = angle of attack
dv = sharp cone semivertex angle
e = eddy viscosity for three-dimensional flow
f = similarity variable in the circumferential

direction, = </>
rj = nondimensional normal coordinate,

6 = nondimensional temperature 77 Te
\ = wavelength
K = radiation absorption coefficient
KltK2 = two-step model absorption coefficients, Eqs.

(15) and (16)
/x = laminar viscosity
£ = transformed axial coordinate,

cx
= r*2dX

Jo
p0,p',p = standard, fluctuating, and mean mass density,

respectively
p* = dimensionless density, nondimensionalized by

P*=P/Poo

a = Stefan-Boltzmann constant
T = shear stress or optical thickness
Tox = monochromatic optical thickness at the edge of

the boundary layer
0 = circumferential coordiante defined in Fig. 1

Superscripts
( Y = fluctuating component
( ) = time average
r - due to radiation

Subscripts
b = blackbody
e = outer edge of boundary layer
ij = used for summation purposes
w = wall
x,y = x and y directions , respectively
7,2,... = properties in two-step model absorption

coefficient; also, order of exponential in-
tergrals

0 - stagnation or total
oo = freestream
X = wavelength-dependent property
v = frequency-dependent property
</> = circumferential direction

Introduction

THE problem of computing the effects of an external
source of thermal radiation on the hypersonic flow past a

sharp cone is one of importance in the analysis of the effect of
a blast environment on the dynamics of hypersonic in-
terceptor vehicles. The blast creates a thermally radiating
fireball and this radiation interacts with the freestream, the
vehicle boundary layer, and the shock layer. The overall
problem is a complex one which may involve blast-shock
interactions and thus needs to be divided into several sub-
problems. These subproblems need to be integrated to obtain
the total effect. The present study encompasses the sub-
problem of evaluating the effects of an external source of
thermal radiation on the boundary layer over the cone. The
changes in the temperature and velocity fields in the boundary
layer on the cone due to the external source and flight con-
ditions and the concomitant changes in aerodynamic and
force components are determined. This type of analysis forms
the basis for determining the effect of an external source of
thermal radiation on the hypersonic vehicle trajectory.

Even for simple flow situations, the mathematical com-
plexity involved in the solution of conservation equations,
when radiative interaction has been included, has led most

investigators to consider the limiting cases of optical
thickness, namely, the optically thin limit and optically thick
limit approximations for the medium. In the present paper,
for the problem under study, the above two limiting cases for
participation by the medium are compared with the "band
approximation" formulation where the radiative properties
of the medium are approximated by breaking the wavelength
spectrum into "bands" so that within each band the radiative
properties of the medium (mainly the absorption coefficient)
are constant with respect to wavelength and are functions of
the local temperature and density only. The optically thin
formulation as applicable to the present study has been
discussed in detail in an earlier work by the authors.1

Recently, the authors have presented a paper on the band
approximation model.2

This simplified problem studied is depicted in Fig. 1. The
external source of thermal radiation has been assumed to be a
sphere of a given radius and known surface temperature at a
given instant of time. The orientation of the cone with respect
to the sphere is such that the axis of the cone is normal to a
radial line from the center of the sphere. The cone surface has
been assumed black and the external radiation incident at the
edge of the boundary layer has been assumed diffuse. The
thermal radiation reaching the edge of the boundary layer, in
general, will be asymmetric as shown in Fig. 1. The radiation
intensity incident at an elemental area at the edge of the
boundary layer for a given orientation of the cone with
respect to the radiation source was determined by a computer
code developed by Dummer and Breckenridge,3 and modified
by Johnson,4 to suit the present analysis. For each of the
above formulations, the governing conservation equations are
then transformed to reduce the number of independent
variables. The coupled nonlinear transformed equations then
are solved numerically to yield temperature and velocity
fields, heat-transfer rates, as well as axial and normal
aerodynamic coefficients for different Reynolds and Mach
numbers for a given strength of the external source of thermal
radiation.

Governing Equations
The coordinate directions used for the geometry under

consideration are defined in Fig. 1. Heat is exchanged be-
tween the surface, the fluid in the boundary layer, and the
surrounding fluid by convection and radiation, while heat is
transferred to the surface of the cone and the fluid in the
boundary layer from external source by radiation. It should
be noted, however, that in the present simplified model of the
overall problem, the emission or absorption of radiation
across the shock layer has not been included. Thus the
thermal radiation from the source is assumed to reach the
edge of the boundary layer practically unattenuated. For a

<f>=7T Yi ^

^ w^ I SounderL <~\—

-Radiation due
to source

(SOURCE OF RADIATION)

Fig. 1 Hypersonic vehicle near an external source of thermal
radiation.
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more accurate analysis of the overall problem, output from
the shock analysis which includes radiative interaction should
be used as input to the present boundary-layer analysis
technique to effect a solution to the entire flowfield.

The governing conservation equations applicable to the
problem under study are given by1'2'5:

Continuity:

d_
dx

d_
~ a 0

a _
'-r- [r(pv + p'v')]=0dy (D

Stream wise (x) momentum:

pu—dx
dii pw du

T-7r a</>
du pw2 dr)— - —— —dy r dx

= -?P — f — --"^l
dx dy L dy J

Circumferential (0) momentum:

(2)

aw pw dw _ —— aw puw dr
^ + ~ i^+^v+f)'v'^, —— ai—

dx
—d(/)

—
dy

i dp a r aw —i
= — TT + T- UT- -Pf 'w'r 50 oy L dy j (3)

Normal (y) momentum:

dp = 0 (4)

Energy:

pu—
dx
a/j ( pw a^

7 a^
dh _ _dp w dp

r dd)
'v')—-=u—

dy dx

du\2
Yy

-f dw
'~dy

A [A — - -" (5)

where <7r is the radiation interaction with the boundary layer
due to both the local radiation and the external sources.

Reynolds' stresses then can be written in terms of eddy
viscosity as

DETAIL AT ®

Fig. 2 Cone surface with optical coordinates.

propagated at the speed of light, it is necessary to consider
fluid motion only if the vehicle speed would approach the
speed of light. The fluid is assumed to be nonscattering. The
fluid is also assumed to be gray for the optically thin and
optically thick limit formulations. In the present analysis, it
has been assumed that the cone surface is black and the ex-
ternal radiative flux incident at the edge of the boundary layer
is diffuse. For the flow model of Fig. 2, based on the
development by Sparrow and Cess,8 the following expressions
for the total net radiative flux qr and the divergence of the
radiative flux dqr/dy are obtained:

-*rJTX

and

dX

(8)

-/>„'«,'=ex-, -pv'w'=ey — (6)

Similarly, the turbulent heat flux is expressed by

kt dh— pv'h' = Cpdy (7)

An order of magnitude analysis of the radiative flux terms
in the energy equation was made.6'7 This indicated that the
radiation contribution in both the streamwise and cir-
cumferential directions can be neglected in comparison with
the convection in these directions.

Radiant Energy Transfer
An expression for V • qr needed in the energy equation for

the three radiation formulations considered is given below for
the flow model shown in Fig. 2. Since radiant energy is

(9)

where the subscript 0 refers to the edge of the boundary layer.
The expression for dqr/dy given by Eq. (9) will now be
simplified for the three radiative interaction models con-
sidered, namely: 1) the optically thin medium approximation,
2) the optically thick medium approximation, and 3) the band
approximation formulation.

Optically Thin Medium Approximation
The optically thin medium approximation, as applicable to

the flow model under consideration, has been discussed in
detail in an earlier paper by the authors1 and will not be



AUGUST 1984 RADIATIVE FORMULATIONS FOR INTERACTIONS 1157

repeated here. For this model, Eq. (9) simplifies to

-
dy (10)

where qr
w is the radiant heat flux from the external source

incident at the edge of the boundary layer, and the absorption
coefficient /c(0 is given by9

(ID
Optically Thick Medium Approximation

For an optically thick medium approximation, the radiant
energy transfer depends only on conditions in the immediate
vicinity of the position being considered and is described only
in terms of the gradient of the conditions at that position. The
fluid is again assumed to be nonscattering and gray. For the
problem under study, for the optically thick medium, Eq. (9)
then simplifies to8

dqr _ d V 4o dt4

dy dy 13KR dy (12)

and the variation of the Rosseland mean absorption coef-
ficient KR with temperature and pressure is given by10

PKR =4.5 x IQ-7P-L31 [exp5.18 x 10-4f-7.13 x

(13)

where PKR is in cm"1 , P is in atmospheres, and t is in degrees
Kelvin.

In the band approximation formulation, emission and ab-
sorption will be accounted for in the flowfield using the
general equation containing spatial integral terms for one-
dimensional radiation transport. However, as far as in-
tegration with respect to wavelength is concerned, in order to
evaluate the wavelength integral, which is independent of the
spatial integral, the wavelength spectrum is broken into "two
bands" such that

K(\,p,t)=K1(p,t):

= K2(p,t):

0<X<X r

X <X<oo (14)

The absorption coefficient is now constant with the
wavelength for each band and is a function of only the local
temperature and density.

The "band approximation" may be extended to as many
bands as desired. However, it has been shown by Chin,11

Anderson,12 and Lilly13 that a good approximation of the
absorption coefficient can be made with the two-band ap-
proximation model given below.

For the photon energy range of 7.1 to oo (wavelength range
0-1730 A), the following expression was developed for the
absorption coefficient KJ, 13

/ p \* / t-" (w (15)

where a, 6, and c are given in Table 1.
In a similar manner, average absorption coefficients for

photon energies up to 7 eV (wavelength interval 1730 A —oo)
are given by13

/ p y/ f \
\ P ) \104)(1-Fbb) \Po \104 (16)

Two-Band Approximation Formulation
This formulation has been discussed in an earlier paper by

the authors.2 From Eq. (9) it can be seen that, for the
divergence of radiative flux term, there are actually two in-
tegrals to be evaluated at every point in the flowfield. The two
integrals are

J oo

/(X)dXo

fT0X
Spatial integral I g (t) dt

J o

Table 1 Constant for the O2 continuum
absorption band absorption coefficient, Eq. (15)

r,K
(Range)

a
b
c

Up to
3,000

12.5
1.0

-0.65

3,000-
4,000

2.13
1.16

-2.1

4,000-
6,000

0.0263
1.6

-7.1

6,000-
7,000

0.0265
1.46

-6.67

7,000-
8,000

0.061
1.41

-1.34

8,000-
11,000

0.1717
1.6

-1.34

Table 2 Constants for the long wavelength band
absorption coefficient, Eq. (16)

r,K
(Range)

a
b
c

Up to
4,000

0.013
1.1
3.0

4,000-
6,000

0.061
1.4
4.6

6,000-
8,000

0.0425
1.4
4.0

8,000-
11,000

0.034
1.37
2.9

with the values of a, b, and c given in Table 2. Fbb is the
fraction of blackbody radiation up to wavelength Xc and is
given by11

15 00
 0-mx

Fbb(x)= —

where x=hvc/k't.

2.0-

1.8-

1.6-

! 1-2-

1.0-

0.8-

0.6-

0.4-

J
4 ^i m r[[(mx+3)mx+6]mx+6} (17)

= 2.0, 8=7.2

np radiqtipn
with radiation

0.4 05 0.6 0.7 0.8 0.9 I.O

Fig. 3 Comparison of Stanton number with experimental values.
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For a given axial position, at any distance y from the
surface, the integration of Eqs. (8) and (9) with respect to y
(the spatial integral) is done by dividing the boundary-layer
thickness into a finite number (/) of layers as shown in Fig. 2
and writing the integral as summation over the j layers. The
expressions for the net radiative flux and the divergence of the
radiative flux at any location n in the boundary layer can be
written as13'2:

<fn =2° £ '/ \.FbbtE2 (rln-rn)Arn
i=l

+ (l-Fbbi)E2(T2n-T2i)AT2i]+2[Fbbwat4
wE3(rln)

j
+ (l-Fbbw)at4

wE3 (T2n)]-2o^ti [Fbb,E2(rn-rln)
i=n

li + (l-Fbbi)E2(T2i-T2n)AT2i]-2[FbbQOqr
00E3

(18)

and

\rln -rn I ) AT,,

+ (7 -Fbbi)K2iE1 ( \r2n -r2i I ) Ar2/]

-4at4
nKlnFbbn-4at4

nK2n(l-Fbbn)+qr
w[FbbwK1IE2(Tln)

(1- Fbbw ) K21E2 ( T 2 n ) ] + q^

(l-Fbb00)K2jE2(T2j-T2n)]

- rln

(19)

with the exponential integrals El , E2 , and E3 evaluated using
the formulas suggested by Schwartz. 14

The expression for the divergence of the radiative heat flux
from Eq. (10), (12), or (19) must be added to the energy
equation to include the effects of an external source of
radiation for the three formulations considered.

The case i=n in Eq. (19) needs to be handled a little dif-
ferently since E}(t)-*<x> as t-+Q. For this case, using Eq. (18),
qrj is evaluated for layers j=n — 3 to rt + 3, and then by
numerical differentiation divergence of the radiative flux term
(-dqr

n/dy) is obtained.

Solution of the Boundary-Layer Equations
As already developed in the earlier papers by the authors,1'2

Eqs. (1-5) can be put in nondimensional form using the
similarity variables £, 77, and </>.

The mixing length distribution needed for the solution of
conservation equations is based on the development of
Adams.5 In consists of a two-layer inner-outer model using
Prandtl's hypothesis and a modification of van Driest' s
analysis for the near-wall region.15 The eddy viscosity in the
transformed variables for the two regions is listed in Ref. 2
and will not be repeated here.

For solution of the transformed governing equations,
boundary conditions must be specified at 0 = 0 for 0<y<ye
and along the surfaces y = Q and y=ye for 0 <</><! 80 deg.
The conditions at y = Q are obtained from the "no-slip"
requirement. The inviscid conditions at the outer edge of the
boundary layer are obtained from Ref. 16. Advantage is taken
of symmetry in the plane </> = 0 to generate a starting solution.

In the present study, since the governing equations become
nonsimilar because of the dependence of the turbulent
viscosity and the radiative heat flux on the streamwise
coordinate "local nonsimilarity" was assumed, i.e., the

equations were solved at fixed values of £. The justification
for this local nonsimilarity method is given in Ref. 1. The
numerical solution of the transformed governing equations in
similarity variables £, rj, and 0 follows the method described
by the authors in their earlier paper1 and will not be detailed
here.

Inviscid conditions at the outer edge of the boundary layer
are determined based on the results of an inviscid analysis of a
sharp cone at incidence by Jones.17

The CPU time required for running the computer code for a
given set of Mach number, Reynolds number, and angles of
attack on an IBM 370/158 computer was on the order of 50
min for the optically thick formulation, 100 min for the
optically thin formulation, and 250 min for the band ap-
proximation formulation. A copy of the computer code for
each of the formulations considered can be obtained from the
authors.

Comparison with Experimental Results
Comparison of the Stanton numbers obtained from the

present study with the experimental data of Martellucci and
Neff,18 as presented by Adams,5 is made in Fig. 3. Since there
was no external source of thermal radiation included in the
above experiments (radiative interaction in the boundary layer
was due only to the difference in temperature between the
freestream and wall and was very small), the three radiation
formulations gave the Stanton number values which were very
close to each other and have been shown plotted as one curve
in Fig. 3. It can be seen that the results of the present analysis,
which include thermal radiation in the boundary layer, are in
good agreement with the data. This comparison of the
solution from the computer codes used in the present study
with the experimental data provides confidence that the
formulation and solution technique are producing results
consistent with observation.

Results and Discussion
In the present study, since the CPU time needed for each

run (especially for the band approximation formulation) is
large, as mentioned above, the total number of runs that
could be made for each of the three formulations had to be
limited. A few of the main parameters were kept constant to
minimize the computer time required and to obtain the precise
effects of parameters, namely, Re^ and M^. All of the
calculations were done for a source intensity of 1.459x 108

W/m2 at 610 m from the cone axis. The fireball (source)
diameter was taken to be 610 m. The results shown are for a
cone with a cone half-angle of 6 deg and a length of 2.6534 m.
In this section, results from the three radiation formulations
are compared with each other and with the corresponding case
with no radiation. No specific parametric study with respect
to nondimensional radiation parameters such as Boltzmann
number and conduction to radiation parameter was made in
the present work because of CPU time limitations.

Mean static temperature profiles in the boundary layer are
compared in Fig. 4. This figure shows that, of the three
formulations, the optically thick formulation gives the
steepest slope near the wall. Since the local absorption of
incident radiation for the optically thick case is high com-
pared to the other two formulations, these absorptions give
rise to higher local temperatures compared to the other two
radiation formulations and the no-radiation case. Band
approximation always gives values which are between those
predicted by optically thin and optically thick formulations.
Figure 4b shows that the temperature profiles at M^ = 16 are
different from those at M^ =4. At M^ = 16, as shown in Fig.
4b, the temperature increases very rapidly close to the wall
and then decreases gradually to the value at the edge of the
thermal boundary layer. The temperature gradients close to
the wall thus increase with Mach number. This is because
viscous dissipation is more at high Mach numbers of the
freestream compared to the low Mach numbers. Hence,
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7-

6.-

5r

4r

3-

2r

I-

= 2.0° Half Cone . . Angle = 6.0
= 3-28x|06/m

Mach Number = 4.0
L = 8.7035
VL=0.6;
U .= 4880-

—— _ no radiation
optically thin /
optically thick //

- two bond approx// /)

a) M00=4 T/Tp

8Q

70.-

60-

50.-
i

40.-

30-

20.-

IQ-

a=2.0
Cone Half Angle = 6.0
Mach No. = 16.
Reynolds No, = 3-28*10 /m
<#>=60°
U*=4880 m/sec
X/L=0.6

no radiation
optically thin

l* 2! 5 4; 5l
-r

b) A/oo = 16 7Te
Fig. 4 Effect of radiation on static temperature ratio.

because of increased dissipation effects, fluid temperature
reaches a maximum value at some point in the boundary layer
(close to the wall) and the heat actually will be transferred
from that point, both toward the wall and toward the external
source.

Streamwise velocity profiles are compared in Fig. 5. The
velocity profile is similar in shape to the temperature profile
of Fig. 4a. As before, of the three radiative formulations, the
optically thick formulation has the maximum slope near the
wall. This is because radiative interaction in the boundary
layer, due to the optically thick formulation, causes greater
changes in properties such as local density and viscosity
compared to the other two formulations. At a given axial
location, if the velocity profiles at different Mach numbers
are compared (figures not shown due to space limitations),
they show that gradients near the wall increase with Mach
numbers and that the boundary-layer thickness is reduced as
MOO is increased. Cross-flow velocity profiles also show the
general trend of Fig. 5.

Convective heat transfer to the wall for the different
formulations is compared in Fig. 6. As seen in this figure, the

a =2.O
Cone Half Angle =6.0
Mach No.= 4 $
Reynolds No.= 3-28x|0/m
<J>=60°
U r̂ 4880*t/Sec

— — — — no radiation
—————Optically thin
—— ——Optically thick—..— -two band approx.

24-

20-
7

16-

12-

8-

4-

V 41 & .ST l.tf
u/ue

Fig. 5 Comparison of streamwise velocity profiles.

I

10

I04H

10

10

Radiation
Thin

—— •-Opt- Thick
— — Two Band Approx-

10° 10* 10' 10* K

REYNOLDS NUMBER/METER
Fig. 6 Comparison of convective heat transfer to wall for different
formulations.

three radiative formulations give about the same value for the
convective heat transfer to the wall, although the optically
thick values are slightly more than the other two. The slightly
larger values for the optically thick case are due to its larger
temperature gradients at the wall compared to the other two
formulations. For each formulation, the increase of con-
vective heat transfer with Re^ is due to the decrease in
boundary-layer thickness with increase in Re^ which results
in steeper temperature and velocity gradients at the wall.
However, the ratio of convective heat transfer to the wall with
radiation to that without radiation remains practically
constant with variation of Re^ for a given Mw (figure not
shown due to space limitations). Figure 6 also shows the
convective heat transfer to the wall decreased as the Mach
number increased. This is due to the fact that in the present
analysis, as M^ is increased at constant Re^, the freestream
temperature is reduced (for the cases under consideration /«,
at A/*, =4 is 3700 K and at MO,, = 16 is 231.1 K).
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• 061

io51

0 io41

^
10-

10

a = 2-0 8V=6-0

M~=4-0

Opt-Thin
_._ . -Opt- Thick
— — Two Band Approx-

,o9 10 10 io8

REYNOLDS NUMBER/METER
Fig. 7 Comparison of total heat transfer to wall for different for-
mulations.

.22-

<o

.20-

.18-

.16-

.14-

.10-

.08-

.06-

.04-

a = 2.0 5
ARe=3-28*IO/m
DRe=3-28xi07m

——— No Radiation

\: Opt. Thin
\— — Opt. Thick

__..— jwo BQn(j Approx

4 8 12
MACH NUMBER

16

Fig. 8 Comparison of axial aerodynamic coefficients.

Figure 7 compares the total heat transfer to the wall
(convective plus radiative) for different formulations. Since
the convective heat transfer to the wall is approximately the
same for the three radiation formulations, the difference in
total heat transfer values among the three radiation for-
mulations is due mainly to the radiative contribution at the
wall. The radiative heat flux at the wall is more for the op-
tically thin formulation compared to the other two because a
larger fraction of incident radiative flux reaches the wall
without being absorbed in the boundary layer. Similarly, for
the optically thick formulation, most of the incident radiative
flux is absorbed by the boundary layer and the fraction
reaching the wall is small compared to the other two for-
mulations. Figure 7 also shows that as Reynolds number is
increased the radiative heat transfer to the wall (and also the
total heat transfer to the wall) increases because as Re^ is
increased, boundary-layer thickness reduces and the ab-
sorption in the boundary layer is reduced and more incident
flux is transmitted directly to the wall.

Table 3 Comparison of total heat transfer to the wall at constant
Reynolds number (a = 2.0, £/«, = 4877 m/s, Re^ Im = 3.281 X 10s)

Moo

4
8

12
16

No
radiation,

x!0~3

0.866
0.442
0.191
0.143

Qi
Optically

thin,
x!0~5

0.315
0.409
0.411
0.411

otabkW

Band
approximation,

x!0~5

0.19
0.301
0.302
0.308

Optically
thick,
x!0~4

0.273
0.308
0.323
0.334

Table 4 Effect of angle of attack on axial aerodynamic coefficient
(A/oo = 4.0, Re^ Im = 3.281 X 105, U* = 4877 m/s)

No Optically Band Optically
a radiation thin approximation thick

2
3
5

0.153
0.162
0.171

0.154
0.165
0.1755

0.155
0.169
0.180

0.211
0.234
0.283

0.80

z
u

0.78-

0.76-

0.74-

0.72

0.70-

0.68

0.66

0.64

0.62

—— No Radiati
— — Optically Thick
~"~" Two Band Approx-

imation
a =2.0
Cone Half Angle = 6.0
Reynolds No. = 3-28x10 /m

4 8 12 16
MACH NUMBER

Fig. 9 Comparison of normal aerodynamic coefficients.

Comparison of the effect of Mach number on the total heat
transfer to the wall for the different formulations is made in
Table 3. This table shows that even though convective heat
transfer to the wall decreases as M^ increases for reasons
explained previously, radiative heat transfer to the wall in-
creases as MO, is increased. This is because as M^ is increased,
for conditions imposed in this study, the absorption coef-
ficient decreases and thus the radiative flux to the wall from
the surrounding fluid decreases. But the fraction directly
transmitted to the wall is increased and hence the total
radiative flux at the wall increases as M^ increases. The
absorption coefficient levels off at higher Mach numbers
(Mo, >8). Hence, the increase in total heat transfer to the wall
is very small at higher Mach numbers.

Figures 8 and 9 compare the axial and normal aerodynamic
coefficients for the different formulations. These figures
show that the increase in the value of these coefficients due to
radiation is significant only for the optically thick for-
mulation. This is because gradients at the wall (velocity and
temperature) are higher for this formulation compared to the
other two radiation formulations as explained previously.
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The effect of angle of attack on the axial aerodynamic
coefficient is shown in Table 4. This table shows that as the
angle of attack is increased, the value of CA increases by 10-
30%, the maximum increase being for the optically thick case
for the same reasons given above for Table 3. The effect of
angle of attack on CN is similar to that of CA and is not
reported here.

In summary, a solution technique developed by the
authors1 for the problem under study has been used to
compare the effects of using three radiative interaction
formulations. Comparison indicates that the total heat flux to
the wall is increased by an order of magnitude due to the
external source of radiation compared to the no-radiation
case. It also shows that the increase in total heat transfer is
maximum for the optically thin formulation. Comparison
also indicates that as far as axial and normal aerodynamic
coefficients are concerned, the influence of optically thin and
band approximation models is negligible and only the op-
tically thick formulation has some significant effect on these
coefficients. The closeness of values from optically thin and
band approximation formulations indicates that for the
conditions under study, gas in the boundary layer behaves
more like an optically thin gas. Even though the band ap-
proximation, in general, gives a more accurate representation
of the radiative interaction effects compared to the other two
formulations, because of the excessive CPU time needed for
this formulation, it is not recommended for the problem
under study. The optically thin formulation should give
reasonably accurate results with moderate CPU times.

To obtain a more accurate solution of the overall problem
described earlier, the analysis described above needs to be
extended to include one or more of the following.

1) Couple the boundary-layer program with a radiating
shock layer analysis.

2) Couple the present boundary-layer analysis with
analysis of ablation from the surface.

3) Study the effect of varying the optical properties of the
surface instead of assuming it is black or gray. The effect of
wavelength dependency of external source of radiation can
also be included.

4) Develop a two-dimensional radiation transport model.
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